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ON THE EQUILIBRIUM SONIC-FLOW METHOD FOR EVALUATING 

ELECTRIC-ARC AIR-HEATER PERFOFDWCE 

By Warren Winovich 

SUMMARY 

The assumption t h a t  t h e  a i r  flow up t o  the  sonic point i n  the  discharge 
nozzle of an a i r  heater  can be represented by an i sen t ropic  expansion under equi- 
l i b r i u m  conditions i s  used t o  show t h a t  the  flow rate and t he  heater reservoir  
pressure uniquely r e l a t e  t h e  t o t a l  enthalpy l e v e l  of t h e  a i r .  The r e l a t ion  i s  
described by an empirical equation i n  closed form f o r  pressures from 0 . 1 t o  100 
atmospheres and enthalpy l eve l s  up t o  10,000 Btu/lb. 
t he  assumptions, and the  appl icat ions t o  e l ec t r i c - a rc  a i r  heaters  i s  presented. 
Comparisons of the  enthalpy measured by the  present method and by heat- t ransfer  
measurement show good agreement. 

A discussion of t he  method, 

INTRODUCTION 

The measurement of t he  t o t a l  enthalpy of a i r  flows i s  of fundamental impor- 
tance f o r  high-temperature flow devices. For example, it i s  a governing f a c t o r  
i n  es tabl ishing the  spec i f ic  propert ies  of t he  a i r  stream. Similarly, f o r  
e lec t r ic -a rc  propulsion devices the  eff ic iency and t h rus t  a r e  r e l a t ed  t o  t h e  
t o t a l  enthalpy of the  e f f lux .  Moreover, i n  order t o  compare quant i ta t ive ly  t h e  
r e s u l t s  obtained from very high-temperature, air-flow devices, it i s  e s sen t i a l  t o  
determine the t o t a l  enthalpy. This report  i s  concerned with a method f o r  es tab-  
l i sh ing  the  t o t a l  enthalpy of a i r  flows from high-temperature a i r  heaters  - prin-  
c ipa l ly  e lec t r ic -a rc  heaters  operating i n  the  real-gas region where dissociat ion 
e f f ec t s  a r e  pronounced. Although the  a r c  a i r -hea ter  i s  emphasized, the  method 

and other heater designs ( e  .g . , resis tance heater,  pebble bed heater,  e t c  . ) . and techniques a re  general ly  applicable t o  other gases (such as CO2,  Hz, N 2 ,  A) 

Since about 1937, t he re  has been a widespread adoption and development of 
t he  e lec t r ic -a rc  a i r  hea ter .  A va r i e ty  of designs has appeared (e.g. ,  r e f s .  1-6). 
Generally, t he  methods employed f o r  determining t h e  t o t a l  enthalpy have been 
almost as varied as the  d.esigns. For example, i n  reference 2, enthalpy w a s  de te r -  
mined from a measurement of stagnation heating r a t e ;  whereas, i n  reference 5 ,  a n  
energy balance method w a s  employed. Others have employed emission spectroscopy 
methods ( e  .g., r e f .  7) t o  determine the  enthalpy l eve l .  The method examined here 
i s  based on the  r e l a t ion  between the  enthalpy of a i r  i n  a reservoir ,  and the  r a t e  
of flow of t h a t  a i r  a t  equilibrium isentropic  conditions through a choked nozzle; 
t h e  method w i l l  he re inaf te r  be re fer red  t o  as the  sonic-flow method. 

Although the  basic pr inc ip le  of t he  sonic-flow method has been employed by 
others (e .g . ,  r e f .  8 ) ,  i n  the  present report  t he  sonic-flow-enthalpy r e l a t i o n  i s  
derived i n  closed mathematical form. The solut ion presented i s  approximate; how- 
ever, t h e  uncertainty involved i s  considered sa t i s f ac to ry  f o r  arc-heater 



appl icat ions.  The method as presented here i s  advantageous i n  t h a t  only simple 
s t a t e  measurements are required.  Moreover, t he  closed form allows the  der ivat ion 
of scal ing l a w s  f o r  assessing t h e  importance of t h e  var iab les  t h a t  determine 
heater  performance. The repor t  a l s o  includes a discussion of the  e f f ec t s  of non- 
equilibrium air  conditions, heat t r ans fe r ,  and boundary-layer flow on the  sonic- 
f l o w  method. 
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surface area of nozzle, ft" 

th roa t  area of sonic nozzle, f t 2  

spec i f ic  heat,  Btu/lb OR 
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th roa t  diameter of sonic nozzle, f t  

mass f r ac t ion  of atomic oxygen, pa r t i c l e s  o per atom of a i r /0 ,21  

conversion f ac to r ,  32.2 l b  f t / l b f  sec2 

enthalpy, Btu/lb 

heat- t ransfer  coeff ic ient ,  Btu/sec f t2  OR 

conversion fac tor ,  778 ft -lbf  tu 
react ion r a t e  constant, cm2/mole2sec 

equilibrium constant f o r  react ion r a t e s  

cha rac t e r i s t i c  length i n  Reynolds number 

molecular weight, lb/mole 

exponent i n  boundary-layer p r o f i l e  equation, = 
VcO 

Nus s e It numb e r 

Prandt l  number 

pressure, a t m  

standard atmosphere, 2,113 lbf /ft2 a t m  

heating r a t e ,  Btu/sec f t 2  

t o t a l  heat t ransfer ,  Btu/sec 
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nozzle radius, f t  

i n l e t  radius of nozzle, f t  

throat  radius of sonic nozzle, f t  

universal  gas constant, 1,545 ft -lbf /mole OR 

Reynolds number 

entropy, Btu/lb OR 

absolute temperature, OR 

l o c a l  velocity,  f t / s e c  

free-stream velocity,  f t / s ec  

mass flow ra te ,  lb/sec 

shear energy, Btu/lb 

distance measured from nozzle w a l l ,  f t  

molecular weight r a t i o  for dissociated air ,  

r a t i o  of spec i f ic  heats 

boundary-layer thickness, f t  

density,  1b/ft3 

absolute v iscos i ty ,  lb/sec f t  

time, see 

m a  

Subscripts and Superscripts 

s t a t e  behind normal shock 

standard atmosphere 

const ant  entropy 

stagnation state 

w a l l  value 

constant molecular weight r a t i o  
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9 sonic value 

00 f r e e  -stream value 

(-1 mean value 

adiabatic flow with no heat t r ans fe r  

diabat ic  flow with heat t r a n s f e r  

v ib  v ib ra t iona l  re laxat ion 

rec recombinat ion 

EQUILIBRIUM SONIC-FLOW METHOD 

A.n expression f o r  the  t o t a l  enthalpy l e v e l  of t he  a i r  flow produced by an 
a rc  heater  can be derived i n  terms of t he  arc-heater operating conditions. It i s  
shown below t h a t  t he  flow r a t e  through a sonic nozzle i s  uniquely determined by 
the  operating pressure and t o t a l  enthalpy i n  t h e  arc-heater reservoir .  
versely,  i f  t he  a i r  flow i s  metered and the  pressure i s  measured, the  t o t a l  
enthalpy i s  defined f o r  a& arc-heater e f f luent  discharging a t  sonic speed through 
a nozzle. The expression i s  readi ly  derived f o r  a i r  as a perfect  gas, and can be 
extended t o  both a ca lo r i ca l ly  imperfect gas (var iab le  spec i f ic  hea t ) ,  and a 
ca lo r i ca l ly  and thermally imperfect gas ( i . e . ,  a r e a l  gas; var iable  spec i f ic  heat 
and dissoc ia t ion) .  
low-temperature a i r  flows i n  general  form. However, the  d e t a i l s  a r e  reviewed 
here t o  emphasize the  various flow regions and t o  e s t ab l i sh  a reference back- 
ground f o r  l a t e r  discussions of t he  method. 

Con- 

Results similar t o  the  analysis  given here are avai lable  for 

The process t o  be considered i s  described by the  following sketch and 
assumptions : 

Arc  reservoir 

Y I t 

P 
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The assumptions one must make t o  derive the  r e l a t i o n  a r e  l i s t e d  below: 

1. The flow i s  i n  thermal equilibrium. 

2 .  The flow i s  i sen t ropic .  

3 .  The flow i s  one-dimensional and homogeneous. 

4. The flow i s  steady with time. 

( I n  a la ter  discussion, t he  e f f e c t s  of some of t he  important departures from t h i s  
ideal ized model w i l l  be examined.) 

The equations governing t h e  flow through t h e  nozzle of as1 arc  heater a r e  as 
follows : 

Continuity w = pVA (1) 

Energy h t  = h + V2/2gcJ (2)  

S ta te  P = PP, (R /~)T  ( 3 )  

Proce s s dp/p = ydp/p (ds = 0, isentropic  flow) (4) 
With sonic ve loc i ty  a t  the  nozzle th roa t ,  the  m a s s  ve loc i ty  i s  

w/A* = p*V* ( 5 )  

This can be represented i n  terms of reservoir  conditions by use of equations (1) 
t o  ( 3 ) .  
i s  

The resu l t ing  equation applicable t o  e i t h e r  a per fec t  or r e a l  gas flow 

Expression f o r  Enthalpy f o r  Various G a s  Conditions 

Perfect gas.- When a i r  behaves as a perfect  gas, t h e  sonic-flow re l a t ion  
given by equation (6)  reduces t o  the  simpler form ( r e f .  9) 

( 7 )  

For low-temperature a i r  with 7 = 7/5,  t he  last  term has the  value 1.281 and when 
the  other  constants i n  equation (7)  a re  subst i tuted,  t h e  r e s u l t  f o r  a i r  as a per- 
f e c t  gas i s  

I 
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where 
f e c t  gas with 

h t  < 250 Btu/lb which i s  the  region wherein a i r  i s  approximated by a per- 
y = 7/5. 

Calorically-imperfect gas.- When a i r  behaves as a ca lor ica l ly  i q e r f e c t  gas, 
t h e  spec i f ic  heat r a t i o  i s  dependent on the  temperature. However, since no d i s -  
sociat ion of molecules occurs, the  equation of state remains the  same as f o r  a 
perfect  gas.  This condition i s  closely approximated f o r  a i r  over t he  enthalpy 
range from 250 t o  about 1,000 Btu/lb f o r  pressures above 1/10 atmosphere. 
type a i r  heaters general ly  operate above 1/10 atmosphere. 
region of t he  high-pressure arc  ( r e f .  lo). 
expressed as  

Arc- 
This defines t h e  

For t h i s  range, enthalpy can be 

where 7 i s  a function of temperature only. From equations ( k ) ,  (6) ,  and (9) ,  
t he  sonic-flow re l a t ion  f o r  a ca lor ica l ly  imperfect gas i s  

The term i n  the  braces has been evaluated numerically from the t ab le s  of r e fe r -  
ence 11 f o r  temperatures up t o  4,000' R (about 1,000 Btu/lb). 
been f i t t e d  t o  the  r e s u l t  t o  obtain the  sonic-flow re l a t ion  i n  closed form 

A n  equation has 

- W = - 551 [l -I- 4 . 8 9 ~ 1 0 - ~ ( h t  - 250)) 
**pt a 

where 250 kt 1,000 Btu/lb. This r e su l t  shows only a small deviation from the  
perfect  gas r e s u l t  up t o  t h e  enthalpy l e v e l  of 1,000 Btu/lb where oxygen disso- 
c ia t ion  becomes s igni f icant .  

Real gas.-  For a i r  a t  enthalpy leve ls  grea te r  than 1,000 Btu/lb, the  disso- 
e ia t ion  of oxygen becomes s igni f icant .  Because of dissociation, both the  molec- 
u l a r  weight of t h e  mixture and the  spec i f ic  heat r a t i o  become dependent on 
pressure as well as on temperature. Consequently, no simple formulation of spe- 
c i f i c  heat r a t i o  o r  molecular weight r a t i o  can be wri t ten similar t o  equation (9). 

6 



Moreover, addi t ional  equations r e l a t ing  the  dissociat ion phenomenon t o  t h e  s t a t e  
of t he  gas a re  required t o  solve t h e  sonic-flow re l a t ion .  I n  view of these com- 
p l ica t ions  t h a t  a r i s e  f o r  a i r  a t  elevated temperatures, t he  method f o r  obtaining 
t h e  sonic-flow re la t ion  presented here i s  derived from an empirical analysis .  

The method used i s  based on t h e  procedure given i n  reference 12 f o r  obtain- 
ing the  mass ve loc i ty  at  the  sonic point ( i . e . ,  p*V* 3 w/A*); t h e  procedure i s  a 
t r ia l -and-error  calculat ion i n  which equations (1) t o  (4)  and t h e  equation of 
s t a t e  from reference 9 a re  used. 
sures f o r  enthalpies between 1,000 and 10,000 Btu/lb. 
t h e  in t e rva l  from 1/4 t o  100 atmospheres. 
f o r  a l l  pressures, t h e  value 
The equation of t h i s  curve w a s  taken as t h e  solut ion f o r  t he  sonic-flow expres- 

The calculations were made f o r  several pres- 
The pressure range covered 

Results of t h e  calculations show t h a t  
w/A*pt f a l l s  within 4 percent of a mean curve. 

sion for a i r  which 
squares f i t  t o  the  

where 1,000 < he, < 

i s  both ca lo r i ca l ly  and thermally imperfect. 
calculat ions i s  

The l e a s t  

10,000 Btu/lb . A t  an enthalpy l eve l  of 1,035 Btu/lb, t h i s  
solution matches t h a t  f o r  ca lo r i ca l ly  imperfect a i r .  

The sonic-flow re la t ions  for t he  three cases considered a re  shown i n  graphi- 
c a l  form i n  f igure  1. 
limits of application of t he  perfect-gas r e l a t ion  (eq.  ( 8 ) )  and the  ca lor ica l ly  
imperfect gas re la t ion  (eq .  (ll)), respect ively.  Above 1,000 Btu/lb, the  curve 
represented by equation (12)  formulates t h e  sonic-flow re l a t ion  adequately f o r  
most purposes. The over-all  formulation yields  the  t o t a l  enthalpy l e v e l  of t he  
stream i n  terms of ra ther  e a s i l y  measured quant i t ies :  the  flow ra t e ,  the  nozzle 
s ize ,  and the  reservoir  pressure. The small pressure dependency i n  the  real-gas 
region can be reduced by a spec ia l  t e s t i n g  technique applied i n  conjunction with 
the  sonic-flow formulation as described i n  the  next section. 

The dashed lines a t  250 and 1,000 Btu/lb denote the  upper 

Enthalpy determination by pressure-r ise  technique.- The technique of operat- 
ing an a rc  heater while t he  flow r a t e  i s  constant before and a f t e r  t he  arc  i s  
i n i t i a t e d  i s  an important appl icat ion of t he  sonic-flow method. To es tab l i sh  
constant f low,  t he  pressure of t he  a i r  supply i s  greater  than twice the  reservoir  
pressure when t h e  a rc  i s  on, and t h e  flow i s  controlled with a t h r o t t l i n g  valve 
ahead of t he  heater.  When constant flow i s  established, t he  equlibrium sonic- 
flow re l a t ion  i s  used t o  determine the  t o t a l  enthalpy i n  the  heater reservoir  
f romthe  observed pressure r i s e  following the  i n i t i a t i o n  of t he  a rc .  
mination i s  made i n  t h e  following manner: F i r s t ,  one can write 

The deter-  

7 



where the  sonic-flow re l a t ion  (w/A*pt) i s  taken from e i t h e r  equation (81, (ll), 
or (l2), depending on the  enthalpy l eve l .  With a i r  entering the  u n i t  at 7 2 O  F, 
f o r  example, t he  cold flow ( s t a r t i n g )  enthalpy i s  128 Btu/lb, t h e  pressure-rise 
re la t ion  i s  

Figure 2 shows t h e  t o t a l  enthalpy i n  terms of t h e  pressure-rise r a t i o .  
t he  curves of f igure  2 f o r  t h e  real-gas region, individual calculated point 
values were used ra ther  than values from equation (12) .  
pressure dependency noted e a r l i e r  can be taken i n t o  account by interpolat ing 
between the  curves of f igure  2. 

I n  

I n  t h i s  way, t h e  s m a l l  

DISCUSSION 

The expected departures of ac tua l  nozzle flow conditions f r o m t h e  ideal ized 
flow conditions w i l l  be evaluated. The assessment w i l l  consider t he  e f f ec t s  of 
(1) nonequilibrium a i r  conditions, (2)  nozzle w a l l  heat t ransfer ,  and (3) 
boundary-layer f l o w .  The objectives will be t o  define the  range of appl icabi l i ty  
and the  corrections necessary f o r  t he  ideal ized equilibrium, isentropic,  one- 
dimensional nozzle flows. 

Finally,  the  application of the  pressure-rise technique f o r  determining 
t o t a l  enthalpy w i l l  be discussed. Some experimental r e su l t s  obtained with the  
rotating-arc a i r  heater described i n  references 6 and 13 provide a comparison of 
the  enthalpy values given by sonic f l o w  with corresponding values found by meas- 
urements of stagnation-point heating r a t e s  on hemispheres. 

Nonequilibrium Flow Effects  

The assumption of thermodynamic equilibrium i s  exp l i c i t  i n  t he  formulation 
of the  sonic-flow re la t ion .  I n  typ ica l  c i rcular-arc  nozzle i n l e t s  the  time 
required f o r  the  a i r  t o  f l o w  up t o  t h e  sonic throa t  i s  short  - of the  order 100 
microseconds. The question a r i ses ,  then, whether there  i s  suf f ic ien t  time f o r  
a l l  species t o  a t t a i n . t h e  equilibrium s t a t e .  
time i s  not suf f ic ien t ,  what e r ro r  w i l l  be introduced i n t o  the  sonic-flow re l a -  
t i o n  by the  occurrence of nonequilibrium flow. The discussion of these two ques- 
t ions  w i l l  cover t he  enthalpy range between 1,000 and 10,000 Btu/lb, and the  
pressure range between 0 . 1 t o  100 atmospheres. 

The associated question is, i f  t he  

Vibrational --- re laxat ion.-  A t  the  elevated a i r  temperatures encountered i n  a rc  
heaters, t h e  v ibra t iona l  energy modes f o r  t h e  diatomic molecules a re  ac t ive .  The 
shock-tube measurements of reference 14  give v ibra t iona l  re laxat ion t i m e s  f o r  t h e  
enthalpy range considered here. These relaxat ion t i m e s  a re  compared i n  f igure  3 
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I 

with flow t r a n s i t  times f o r  a family of c i rcular-arc  i n l e t s  with i n l e t  radii 
between 1/2 and 2 inches. This range i s  representative of t he  pr inc ipa l  dimen- 
sions found f o r  the  nozzles of present a rc  heaters .  Although spec i f ic  geometry 
d i f f e r s ,  most i n l e t s  a re  no longer than a f e w  inches. 
can be represented by the  band shown on f igu re  3.  Typically, the  t r a n s i t  times 
a re  found t o  be t o  lo-* seconds i n  duration. For the  high-pressure a rc  
( p  > 0.1 a t m ) ,  t he  v ibra t iona l  re laxat ion times are very  much smaller.  
quently, it appears t h a t  t he  flow w i l l  be i n  v ib ra t iona l  equilibrium f o r  a l l  con- 
d i t ions  i n  which the  nozzle i n l e t  i s  Over an inch i n  length.  

Thus, t h e  t r a n s i t  times 

Conse- 

Chemical re laxat ion.-  The s i tua t ion  with regard t o  chemical re laxat ion has 
been analyzed f o r  t he  a i r  model represented by the  react ion 

where f ,  t he  mass f r ac t ion  of atomic oxygen present, depends upon the  degree of 
dissociat ion of t h e  oxygen molecules. 
between enthalpy l eve l s  of 1,000 and 10,000 Btu/lb . ) Values of f a r e  obtained 
from the  equilibrium calculat ions of reference 11. A s  enthalpy increases from 
1,000 Btu/lb, f increases from zero (no dissociat ion)  t o  unity,  corresponding t o  
comple%e dissociat ion of oxygen a t  about 8,000 Btu/lb, depending s l i g h t l y  on the  
pressure l eve l .  

(Note t h a t  t h i s  model approximates a i r  

The dissociat ion r a t e s  f o r  oxygen given i n  reference 1 4  have been applied t o  
the  chemical model used here t o  determine whether there  i s  su f f i c i en t  time f o r  
the  reverse react ion ( i . e . ,  recombination) t o  occur. 
used here have been deduced from the  dissociat ion r a t e  measurements by applying 
the  equilibrium constant t o  obtain 

The recombination r a t e s  

The v a l i d i t y  of t h i s  equilibrium re l a t ion  as applied t o  the  t r ans i en t  recombina- 
t i o n  phenomenon has been experimentally ve r i f i ed  i n  reference 13. For the  chem- 
i c a l  react ion assumed, the  chemical recombination time i s  given by the  r e l a t ion  

where the  t e rns  i n  t h e  brackets a r e  the  molecular concentrations of atomic oxygen 
and nitrogen. 
nitrogen w a s  constant, and t h e  values f o r  t h e  concentration of atomic oxygen w e r e  
computed from reference 11. 

For t h e  calculation, it w a s  assumed t h a t  t h e  concentration of 

A s  indicated by equation (16), t h e  chemical recombination t i m e  va r i e s  
inversely as t h e  product af the  p a r t i c l e  dens i t ies .  
a re  proportional t o  t h e  pressure, t he  recombination time va r i e s  inversely as the  
square of t he  pressure which i s  cha rac t e r i s t i c  of t h e  three-body co l l i s ion  

Since t h e  p a r t i c l e  dens i t ies  

9 
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process. 
equation (16) a re  shown i n  f igure  4. 
on the  sane p l o t .  
nozzles w i l l  be  chemically frozen s ince the  t r a n s i t  time w i l l  be considerably 
shor te r  than the  recombination time. 
the  flow w i l l  be i n  complete thermodynamic equilibrium. 

For the  high-pressure a rc  range, t he  recombination times computed from 
The nozzle transit time i s  again superposed 

For pressures below 10 atmospheres, t he  flow through typ ica l  

For very high pressures (over 200 ps i ,  say), 

The r e su l t s  shown i n  f igures  3 and 4 indicate  t h a t  t he  a i r  w i l l  be i n  vibra-  
t i o n a l  equilibrium a t  a l l  pressures but w i l l  expand i n  a chemically frozen mode 
f o r  a l l  pressures below about 10 atmospheres. Accordingly, t he  sonic-flow r e l a -  
t i o n  i s  affected by the  chemically frozen flow. I n  the  following section, t he  
air model employed (eq.  (13)) i s  used t o  determine the magnitude of the correc- 
t i o n  t o  t h e  sonic-flow re l a t ion  due t o  f reezing of t he  chemical species a t  low 
pressures (below 10 atmospheres, t yp ica l ly )  . 

For low-pressure nozzle flow, the  flow r a t e  f o r  frozen chemical composition 
can be wr i t ten  i n  terms of the  equilibrium value as 

One can readi ly  v e r i f y  t h a t  t he  term i n  the  braces i s  within a f r ac t ion  of a per- 
cent of un i ty  f o r  a l l  high-pressure a rc  conditions by comparing the  term i n  the  
braces t o  the  exact r e l a t ion  ( see  r e f .  9) . Recognizing t h i s ,  the  sonic-flow-rate 
r a t i o  simply becomes 

By comparing f igures  3 and 4, it i s  seen t h a t  v ibra t iona l  equilibrium w i l l  e x i s t  
even when the  flow i s  chemically frozen. This f a c t  suggests t h a t  the  r a t i o  given 
by equation (18) can be evaluated i f  the  frozen mixture i s  considered t o  expand 
i sen t ropica l ly  as a perfect  gas w i t h  t he  isentropic  coeff ic ient  determined by the  
reservoir  conditions. Then, 

wS "=F Ys + 1 

The isentropic  coef f ic ien ts  have been determined through t h e  high-pressure a rc  
range from the  chemical equation of t he  a i r  model (eq.  (15))  and from the  tabu- 
l a t ed  species concentrations given i n  reference 11. Results of these calculat ions 
a re  summarized i n  f igure  5 .  
r e s u l t s  t o  give the  r a t i o  of 

The t a b l e  given below has been prepared from the  
wz/ws over the  ranges i n  question. 

i n  



1 1,000 
I 2,000 

4,000 

6,000 

8,000 

3 = 0.1 atm 

1.000 

1 * 035 

1.030 

1.052 

1.055 

1.055 

'WS 

p = 1 atm p = 10 atm 

1.000 1.000 

1.028 1.025 

1.027 1 .o23 

1,045 1.040 

1 .050 1.043 

1.052 1.045 

This t ab le  shows t h a t  the  r a t i o  i s  small and only very s l i g h t l y  affected by pres- 
sure over the  range where it i s  applicable.  No l o s s  i n  genera l i ty  occurs, then, 
i f  the  small pressure e f f ec t  i s  ignored. The procedure adopted here i s  t o  use 
the  values of the  r a t i o  f o r  the one atmosphere case (as indicated i n  the  follow- 
ing paragraph) t o  correct the  values of stagnation enthalpy f o r  t he  e f f ec t  of 
chemically frozen f low.  

A general  correction f o r  nozzle i n l e t  f l m , w i t h  frozen species can be 
obtained by d i f f e ren t i a t ing  the equilibrium sonic-flow re l a t ion  (eq.  (12) ), and 
applying the values of t he  r a t i o  shown i n  the  preceding table;  t h a t  is, 

For t he  high-pressure a rc  i n  the  range from 0 . 1 t o  10 atmospheres, the  enthalpy 
deduced from the  equilibrium equation must be increased. 
i s  tabulated below f o r  1 atmosphere since, as noted, the  e f f ec t  of pressure i s  
negl igible .  

The percentage increase 

h 

1,000 

2,000 

4,000 

6,000 

8,000 

10,000 

&/h 

0 

.070 

.068 

.113 

.125 

.130 
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The correction f o r  frozen species becomes appreciable above enthalpy l eve l s  
It should be recognized t h a t  t h e  inherent uncertaint ies  in t h e  of 5,000 Btu/lb. 

measurements involved place a p rac t i ca l  accuracy l i m i t  of about 5 percent on 
enthalpy determined by t h e  sonic-flow method. This calculat ion cannot be extrap- 
olated t o  enthalpy l eve l s  above 10,000 Btu/lb since a t  t h i s  l e v e l  nitrogen begins 
t o  dissociate  appreciably. 

Heat-Transfer and Boundary-Layer-Displacement Effects  

The isentropic  assumptioh f o r  t he  model analyzed implies no heat t r ans fe r  or 
f r i c t i o n .  For r e a l  flows, however, heat t r ans fe r  and f r i c t i o n  do occur, and they 
tend t o  a l t e r  t he  ideal ,  one-dimensional, isentropic  values of enthalpy and flow 
r a t e .  The i r r eve r s ib l e  e f f ec t s  a r e  due t o  t h e  formation of t he  boundary layer  
which gives r i s e  t o  temperature and veloc i ty  gradients near the  w a l l .  Thus, 
i r r e v e r s i b i l i t y  and two-dimensional e f f ec t s  occur simultaneously. These two 
e f f ec t s  influence the  flow d i f f e ren t ly .  I r revers ib le  e f fec ts ,  pr incipal ly  heat 
t ransfer ,  reduce t h e  stagnation enthalpy. The two-dimensional e f fec t  caused by 
the  boundary 1ayer .gives  r i s e  t o  a nozzle discharge coeff ic ient  t h a t  a l t e r s  t he  
flow r a t e  but does not a f f ec t  stagnation enthalpy. The discharge coeff ic ient  
must be taken i n t o  account, however, when applying the  sonic flow re la t ions  (eqs.  
(8), (ll), and ( 1 2 ) ) .  
d e t a i l  i n  the  following sect ions.  

The two e f f ec t s  w i l l  be considered separately i n  more 

I r r e v e r s i b i l i t y . -  The energy equation f o r  a r e a l  flow includes terms t h a t  
take i n t o  account the  energy l o s t  as  a r e su l t  of heat t r ans fe r  and t he  shear 
energy diss ipated at t h e  w a l l .  Thus, f o r  a steady flow r a t e  w, 

For a rc- je t  flows, t h e  heating r a t e s  i n  the  nozzle a re  high; consequently, the  
energy loss due t o  f l u i d  shear i s  much l e s s  than t h a t  due t o  heat transfer.’ 
Also, as w i l l  be shown, the  e f fec t  of heat t r ans fe r  i s  small. Therefore, f o r  
p rac t i ca l  purposes, t he  shear energy term can be neglected. 

The energy equation represented by equation (21) allows one t o  wri te  an 
expression f o r  t h e  enthalpy l o s s  due t o  i r r e v e r s i b i l i t y  i n  the  throat  

h t , s  - ht I Q 
h t , s  wht , s 

The departure f romthe  isentropic  value i s  s m a l l  i f  t h e  r igh t  s ide of equation 
(22) i s  small. The quant i ty  on the  r igh t  has been estimated i n  appendix A and it 
has been found f o r  a l l  cases t o  be l e s s  than 10 percent f o r  t yp ica l  a rc - je t  oper- 
a t ions .  This r e su l t  indicates  t h a t  stagnation enthalpy i s  only s l i g h t l y  reduced 

~ . . . .  . . . .  ~ . . . . .  _ _  . . . . . . . . . . . 

lFor  conditions of T,/T, z i/8, t yp ica l  f o r  a rc  j e t s ,  Reynolds analogy 
applied t o  the  nozzle i n l e t  predicts  (W/Q)w =: 1/10. 
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by convective heat t r ans fe r  i n  rap id ly  converging i n l e t s  - even though heating 
rates a r e  high. Consequently, t he  r e a l  flow does not depart  much from the  isen-  
t rop ic  flow assumed i n  the  ana lys i s .  

Two-dimensional e f f ec t s . -  I n  the  determination of t he  discharge coef f ic ien t  
f o r  r e a l  flow through a nozzle, t he  e f f ec t s  of both f r i c t i o n  and heat t r ans fe r  
must be considered. F r i c t iona l  shear i n  the  boundary layer  reduces the  mass-flow 
r a t e  by decreasing the  ve loc i ty  near t he  w a l l .  Heat t ransfer ,  on the  other hand, 
increases the  m a s s  flow because l o c a l  densi ty  near t he  w a l l  i s  increased from the  
adiabat ic  w a l l  value.  The l o c a l  dens i ty  increases near t he  w a l l ,  f o r  constant 
pressure across the  boundary layer,  because of t h e  lower temperatures encountered 
near  t h e  w a l l  f o r  d iaba t ic  flow. Therefore, i n  the  determination of t he  i n t e -  
grated m a s s  flow rate through a nozzle, t he  f r i c t i o n a l  and heat- t ransfer  e f f ec t s  
tend t o  counteract each other .  
on the  r e l a t i v e  magnitude of t he  heat- t ransfer  r a t e  with respect t o  the  w a l l  
shear.  

The ne t  e f f e c t  on t h e  mass-flow r a t e  i s  dependent 

The discharge coef f ic ien t  i s  defined 2s t he  r a t i o  of the  ac tua l  flow r a t e  t o  
t h e  ideal ,  one-dimensional, isentropic  flow rate.  

W cD=c 
The discharge coef f ic ien t  can be derived i n  closed form. Deta i l s  a r e  given i n  
appendix B. The expression i s  given i n  terms of boundary-layer thickness and 
shape, which i s  determined by the  shear forces ,  and t he  heat- t ransfer  ra te ,  which 
i s  characterized by the  r a t i o  of w a l l  t o  free-stream temperature 

where 

l / n  3 
- = 1 - 0.13 (. - [2+(1 - g)(g) I> 
ZOO 

The bas i s  of t h i s  equation i s  t h e  similarity between ve loc i ty  and temperature 
d i s t r ibu t ions  i n  t h e  turbulent  boundary l aye r .  
experimentally f o r  incompressible flows ( r e f .  16), and t h e  compressible theory 
given i n  reference 17 predic t s  t h i s  result f o r  a Prandt l  number of 0.72 and high 
heating rates (Tw/TW z 1/8>. 

This assumption has been ve r i f i ed  



The discharge coeff ic ient  of equation (24) has been, evaluated by' numerical 
integrat ion t o  examine t h e  e f f ec t s  of boundary-layer shape and thickness. To 
examine t h e  shape e f fec t ,  t h e  exponent i n  t h e  equation f o r  ve loc i ty  p ro f i l e  
u/V, = ( ~ / 6 ) ' / ~  
f o r  
sink or water-cooled copper nozzles. 
very high heating rates encountered, t h e  discharge coef f ic ien t  ac tua l ly  exceeds 
uni ty  by a s m a l l  amount. 
boundary-layer shape, and boundary-layer thickness as well, f o r  t h e  high heating 
r a t e  conditions encountered i n  pract ice .  

w a s  varied from 1/5 t o  1/11. The calculat ions were car r ied  out 
Tw/T, = 1/8, which i s  typ ica l  f o r  a r c - j e t  operations with t rans ien t  heat- 

The r e s u l t s  are shown i n  f igure  6. For t h e  

The discharge coef f ic ien t  i s  found t o  be insens i t ive  t o  

On the  basis of t he  f l a t -p l a t e  theory of reference 18, the  boundary-layer 
thickness i s  estimated t o  be i n  the  range 

1 6 1  - < - < -  
4 r* 2 

f o r  t yp ica l  a r c - j e t  nozzles. 
diabat ic  discharge coeff ic ient  i s  e s sen t i a l ly  un i ty  ( f i g .  6 ) .  
case of i n f i n i t e  heat t r ans fe r  and no dissociation, equation (24) predicts  a 
discharge coeff ic ient  of exact ly  uni ty .  

For t h i s  range of boundary-layer thickness, t h e  
For the  l imit ing 

A t  lower heating rates (i .e ., Tw/T, > 1/4) , t he  discharge coeff ic ient  i s  
l e s s  than unity.  
(eq.  (24) )  f o r  the  low heating r a t e  range ( i . e . ,  1 /4  < Tw/T, < 1.2), and the  
r e su l t s  a re  shown i n  f igure  7. The values of t h e  discharge coeff ic ient  shown 
therein a re  f o r  a l/T-power ve loc i ty  p ro f i l e  and a boundary-layer thickness of 
6/r* = l/5. Tw/T, = 1.18, the  solut ion corresponds t o  the  adiabatic w a l l  
case f o r  The discharge coeff ic ient  can be 
expe rben ta l ly  determined f o r  a nozzle by running cold-flow t e s t s  and applying 
equation (8) i n  conjunction with the  discharge coef f ic ien t  def in i t ion  (eq.  ( 2 3 ) ) .  
This has been done f o r  a circular-arc  nozzle i n l e t  (ri/d* = 5 )  of 1/4-inch diam- 
e t e r .  
predic-ted discharge coeff ic ient  i n  f igure  7 shows good agreement. I n  s i tua t ions  
where t h e  a rc  produces a very strong vortex i n  t h e  nozzle throat ,  however, t he  
discharge coeff ic ient  may be d ra s t i ca l ly  a l te red ,  and t he  vortex may be d i f fe ren t  
with t h e  arc  on than with the'arc o f f .  Strong vortex flows may a l t e r  t he  mass 
flow s igni f icant ly  ( r e f .  19). 

Values of t h e  discharge coef f ic ien t  have been calculated 

For 
7 = 1 . 4  and a Prandtl  number of 0.72. 

The Reynolds number of the  t e s t  w a s  2X106. The r e s u l t  compared w i t h  t he  

The calculated r e s u l t s  summarized i n  f igures  6 and 7 allow one t o  assess t h e  
e f fec ts  of boundary layer  and heat t r ans fe r  upon the  sonic-flow re la t ions  (eqs.  
(8), (ll), and (12 ) ) .  Figure 6 indicates  t h a t  f o r  t h e  range typ ica l  of a rc - je t  
nozzles, t he  diabat ic  discharge coeff ic ient  i s  e s sen t i a l ly  equal t o  uni ty .  
p rac t ica l  considerations, one may take the  discharge coeff ic ient  t o  be one i n  
view of the  inherent uncertainty i n  t h e  measurements of pressure and f l o w  r a t e  
required f o r  t he  sonic-flow re la t ions .  

From 

For the  enthalpy determination from the pressure-rise technique (eq.  (14)), 
it would f i rs t  appear t h a t  one must apply a correction f o r  t h e  cold-flow dis- 
charge coeff ic ient  as shown by f igure  7. The adiabat ic  discharge coeff ic ient  may 
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be obtained d i r e c t l y  by measurement or from simple f l a t - p l a t e  theory. 
rected form of the  pressure-rise equation f o r  a given enthalpy l e v e l  becomes: 

The cor- 

A s  shown i n  f igure  7, t h e  d iaba t ic  discharge coef f ic ien t  can be taken as one. 
Since the  adiabatic coef f ic ien t  i s  always l e s s  than one, t he  boundary-layer cor- 
rec t ion  increases the  enthalpy by an amount dependent on the  heating r a t e  
( f i g .  7) . 
correction applied have been recalculated and are shown i n  f igure  8. 
t i o n  i s  small at moderate enthalpies.  
enthalpy correction approaches a constant value 'given approximately by 
(5 /2 )h t [ l  - (CD)adiabatic] f o r  t h e  boundary-layer e f f ec t .  

The pressure-rise equations with t h e  adiabat ic  discharge coeff ic ient  
The correc- 

Above about 1,000 Btu/lb, however, t h e  

The correction for heat t r ans fe r  t o  t h e  nozzle i s  made by applying equation 
(Ag) t o  determine the  enthalpy decrement i n  t h e  th roa t  region. The Reynolds num- 
ber  of t he  nozzle w i l l  vary with t h e  enthalpy according t o  t h e  sonic-flow re l a -  
t ion2 (eq.  (12)) .  Consequently, as the  enthalpy increases, t he  enthalpy decrement 
increases t o  oppose t h e  boundary-layer correction. The extent of these opposing 
t rends i s  shown in  f igure  8. 

As  seen from f igure  8, the  correction f o r  t he  heat- t ransfer  e f fec t  near ly  
I n  view of t h i s  resu l t ,  o f f se t s  the  correction f o r  t he  boundary-layer e f f ec t .  

which i s  typical ,  as  well as the  inherent uncertaint ies  i n  t h e  corrections them- 
selves, and the  usual e r rors  i n  t h e  measurement of pressure i n  an arc-heater res-  
ervoir,  it appears unnecessary t o  apply corrections f o r  t h e  boundary-layer and 
heat- t ransfer  e f fec ts .  
f l o w s  should be made when applicable.)  

( A s  previously shown, the  correction f o r  frozen species 

. . ~ .  . . . . ~ -  . . .  . .  i i i _ _ . . . = . . . . .  . . . . .  . .  .. 

zThe Reynolds number i s  given by: 

pjcv-xd-x - 280 ptd* 
Re = - 0.397 f o r  h-t > 1,000 Btu/lb 

cl, (%) 
where t h e  v iscos i ty  i s  given by t h e  empirical equation 

0 -63 
l b  

pm = 128x10-~@9 sec f t  

Combining these 

Re IJ 2.2X107 ; h t  > 1,000 Btu/lb 
kt0040 

- 
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Example Application of the Pressure-Rise Technique 

A n  illustration of the pressure-rise technique and a record of the arc 
chamber pressure versus time is shown in figure 9. 
the chamber pressure was at some low value determined by the flow rate and start- 
ing enthalpy level (eq. (8)). 
sient occurred, and the pressure increased to a constant mean value determined by 
the running enthalpy level (eq. (14)). 
flow equations do not apply (in accord with assumption 4). 
the transient is indicated by the changing slope of the calorimeter trace in 
figure 9. The new energy leire1 was essentially constant as indicated by constant 
high pressure level until the arc was shut off. The measured pressure-rise ratio 
of 4.6:1 and figure 2 indicate a total enthalpy of 4,500 Btu/lb. These data were 
obtained from the Ames low-contamination arc unit described in reference 13. 

Before the arc was started, 

After the arc voltage was applied, a short tran- 

During this starting transient, the sonic- 
The real nature of 

The heat-transfer rate measured by a center-line calorimeter provides an 
independent method for enthalpy determination. 
the enthalpy has been deduced from the measured stagnation-point, heat-transfer 
rate and measured stagnation pressure. Measurements were made in a 2-5/8-inch- 
diameter supersonic stream of Mach number about 3. 
hemisphere cylinder. The laminar theories of references 20 and 
21 were used to deduce enthalpy from the measurements using a Lewis number of 1.0. 
The values of enthalpy deduced from measured heating rates are compared in figure 
10 with the values of enthalpy determined from the sonic-flow relation and the 
pressure-rise technique. For the sonic-flow determination, the discharge coef- 
ficient was taken as unity for hot flow (i.e., eq. (12)). 
technique, the experimentally determined cold flow discharge coefficient shown in 
figure 7 was used (i.e., eq. ( 2 5 ) ) .  
methods gave essentially the same result. In addition, the enthalpy levels are 
in good agreement with the enthalpy deduced from simultaneously measured 
stagnation-point heating rates. The data scatter by about 10 percent about the 
line of perfect agreement. 

For a series of arc-jet tests, 

The model was a 3/4-inch 
(See ref. 13.)  

For the pressure-rise 

It is evident from figure 10 that both 

CONCLUDING REMARKS 

It has been shown that the total enthalpy of the air flow fromthe reservoir 
of an arc-type heater through a sonic nozzle is uniquely determined by the reser- 
voir pressure and the steady mass flow rate through the device. For these 
results to be applicable, the energy must be imparted to the air in an essen- 
tially stagnant region. This would rule out, for example, such devices where the 
arc occurs through the nozzle and adds significant energy in the inlet or super- 
sonic portion of the nozzle. For an equilibrium, isentropic sonic air flow, the 
enthalpy formulation was derived for application in three ranges of total 
enthalpy : 
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1. Perfect gas; h < 250 Btu/lb 

2.  

3 .  

The assumption of equilibrium nozzle flow which underlies t he  formulation 

Calorically imperfect gas; 230 < h < 1,000 Btu/lb 

Real gas; 1,000 < kt < 10,000 Btu/lb 

has been c r i t i c a l l y  reviewed. On t h e  bas i s  of t h e  t r a n s i t  time of t he  flows up 
t o  t h e  th roa t s  of t yp ica l  nozzles and v ibra t iona l  and dissociat ive relaxation 
times, t h e  flows w i l l  be i n  v ibra t iona l  equilibrium f o r  p rac t i ca l  ranges of res -  
ervoir  pressures, and i n  dissociat ive equilibrium f o r  reservoir  pressures above 
about 10 atmospheres. For t h e  nozzle i n l e t  flows which w i l l  be chemically f ro -  
zen f o r  pressures below 10 atmospheres, t he  t o t a l  enthalpy deduced from equi l ib-  
r i u m  sonic-flow re la t ions  w i l l  be low by about 13 percent a t  10,000 Btu/lb. 

Consideration w a s  a l so  given t o  e r rors  i n  t h e  formulation a r i s ing  f romthe  
e f f ec t s  of i r r e v e r s i b i l i t y ,  heat t ransfer ,  and boundary layer .  Effects  of i r r e -  
v e r s i b i l i t y  (i .e., p r inc ipa l ly  a reduction i n  enthalpy due t o  nozzle i n l e t  heat-  
ing) are  shown t o  be small f o r  t yp ica l  i n l e t  designs even though loca l  heating 
r a t e s  may be high. It i s  demonstrated t h a t  t he  heat- t ransfer  and boundary-layer 
e f f ec t s  yield compensating corrections t o  the  t o t a l  enthalpy deduced from the  
re la t ions  f o r  equilibrium sonic f l o w .  This r e s u l t  w a s  shown t o  be due t o  t he  
nozzle discharge coeff ic ient  approaching uni ty  f o r  t he  small w a l l  t o  free-stream 
temperature r a t i o s  t h a t  always occur i n  the  nozzle i n l e t s  of arc  heaters .  

Values of t o t a l  enthalpy, determined f o r  one par t icu lar  arc-type heater by 
use of t h e  equilibrium sonic-flow method, were compared.with corresponding values 
deduced from a combination of measurements of stagnation heating r a t e s  and pres- 
sure, and an appropriate heating-rate theory. The comparison indicated t h a t  when 
the  underlying assumptions of t he  equilibrium sonic-flow method are  not ser iously 
violated the  enthalpy values predicted agree with t h e  independent evaluation of 
the  enthalpy l eve l .  

Ames Research Center 
National Aeronautics and Space Administration 

Moffett Field,  C a l i f . ,  Oct. 28, 1963 
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APPENDIX A 

HEAT TRANSFER I N  THE NOZZLE INLET 

As  t h e  hot gases flow through t h e  i n l e t  region of a nozzle, energy i s  
extracted from the  stream due t o  heat t r ans fe r  t o  t h e  w a l l s .  This causes a 
reduction i n  the  stagnation enthalpy of t h e  stream. The energy equation f o r  
steady diabat ic  flow gives the  t o t a l  enthalpy a t  any p o i n t ' a s  

Thus, for no heat t r ans fe r  the  t o t a l  enthalpy i s  constant along the  nozzle. 
r e a l  flows, however, t o t a l  enthalpy continually decreases down t h e  nozzle. The 
f r ac t iona l  decrease i s  found from equation ( A l )  as: 

For 

I n  t h i s  section, an approximate formulation of t h i s  decrease i s  derived t o  assess 
the  loss i n  t o t a l  enthalpy i n  t h e  i n l e t .  

The t o t a l  heat t r ans fe r  i n  t h e  nozzle i n l e t  i s  given by 

Q = qA (A3 1 

By analyzing the  i n l e t  heating r a t e s ,  one can v e r i f y  t h a t  up t o  t h e  throa t  t he  
heating r a t e  var ia t ion  i s  approximately parabolic s o  t h a t  

t o  good approximation. 
Then, t he  enthalpy decrement due t o  heat t r ans fe r  becomes 

Actual measurements confirm t h i s  r e l a t ion  ( ref .  22) .  

The heating r a t e  a t  -the throa t  sect ion of rocket nozzles has been shown t o  
f i t  t he  correlat ion f o r  f l o w  through heated tubes ( re f .  22) .  
heat-transfer formulas can be used t o  estimate the  forced convection heat-  
t ransfer  coeff ic ient  defined by Newton's cooling l a w :  

Thus, conventional 
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q* = H(T, - Tw) = 

Heat t r ans fe r  through tubes, f o r  turbulent  flow, i s  given by Nusselt 's  equation 
( r e f s .  23, 24) with quant i t ies  evaluated at  mean f i l m  tem-perature. 

For Tw/Too 
Nusselt 's  o r ig ina l  correlat ion.  For high heating r a t e s  encountered i n  a rc - j e t  
nozzles, t h i s  form takes i n t o  account t he  var iab le  t ransport  propert ies  through 
the  boundary layer .  For most a rc - j e t  operations, one can take Tw/T, 1/8 i n  
t he  nozzle t o  simplify the  heat- t ransfer  cor re la t ion .  For t h i s  subs t i tu t ion ,  

1, which i s  the  case f o r  very low heating r a t e s ,  t h i s  reduces t o  

where the  Nusselt number and Reynolds number a re  defined i n  terms of free-stream 
propert ies .  

Combining equations (A8), (A6), and (A3) r e s u l t s  i n  a general  expression f o r  
the  enthalpy decrement due t o  i n l e t  wal l  heating. 

One f inds,  f o r  c i rcular-arc  i n l e t  geometry the  surface t o  throa t  area r a t i o  may 
vary from about 10 t o  150 depending on the  sharpness of the  i n l e t .  For purposes 
of t h i s  consideration, a value of 100 i s  taken as  representat ive.  The Reynolds 
number i n  equation (A9) i s  ra i sed  t o  the  l/5 power; consequently, an order of 
magnitude estimation i s  s u f f i c i e n t .  For an arc  j e t  operating a t  2 megawatts with 
an eff ic iency of 50 percent, the  Reynolds number can be estimated with the  a id  of 
the  sonic-flow re l a t ion  (eq .  (12)). 
Btu/lb and pressures from 10 t o  100 atmospheres and taking 
typical ,  the  Reynolds number i s  found t o  l i e  within the  limits 

For enthalpies between 1,000 and 10,000 
d* = 0.021 f t  as  

A t yp ica l  value of lo5 i s  chosen. Then the  enthalpy decrement i n  the i n l e t  i s  
estimated as 



I 1  11Il111111111 I1 I I I I 

= 0.08 ht,s ht- r~ 0.0082X100 o.2 1 
ht , s  (LO 1 

For t yp ica l  operations, then, t he  enthalpy decrement due -to i r r e v e r s i b i l i t y  i n  
the  nozzle i n l e t  i s  s m a l l .  
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APPENDIX B 

DISCHARGE C O E F F I C I E N T  FOR A NOZZLE 

The discharge coef f ic ien t  i s  found by in tegra t ion  of t h e  mass flow r a t e  over 
t he  th roa t  area 

The va r i a t ion  i n  dens i ty  and ve loc i ty  across the  nozzle th roa t  depends on t h e  
temperature and ve loc i ty  prof i les .  
ve loc i ty  and temperature p ro f i l e s  a r e  e s sen t i a l ly  iden t i ca l  f o r  a Prandtl  number 
of 1. For a i r  with a Prandt l  number of 0.72 and f o r  high heating r a t e s  
(Tw/T, =: 1/8), the  turbulent  flow theory given i n  reference 18 a l s o  pred ic t s  
equal i ty  between temperature and ve loc i ty  f i e lds ;  

I n  references 16 and 17, it i s  shown t h a t  t he  

U 

v, 
This flow-field similarity i s  adopted here .  

The ve loc i ty  p r o f i l e  through the  boundary layer  i s  taken as a power formula 
of the  form 

It can be shown1 t h a t  t he  Reynolds number of the  flow up t o  the  nozzle th roa t  i s  
from lo5 t o  lo6.  
turbulent  flow region. 
t he  stagnation chamber w i l l  probably induce turbulence a t  even lower Reynolds 
numbers. 

On the  bas i s  of f l a t - p l a t e  experiments, t h i s  corresponds t o  the  
The disturbances produced by an e l ec t r i c - a rc  discharge i n  

lThe Reynolds number i s  defined as Re = p,V,2/km. The mass ve loc i ty  i s  
given by the  sonic-flow r e l a t i o n  (eq.  (12) )  f o r  enthalpies  i n  the  p rac t i ca l  range 
of 1,000 t o  10,000 Btu/lb and pressures from 10 t o  100 a t m  as 

The length of boundary-layer run f o r  a c i rcular-arc  0.397 FJ 

i n l e t  geometry i s  
d* = 0.021 f t  as typ ica l .  I n  t h e  range considered here 

10pt.  P,V, = 280pt/ht 
2 = d*(n/2)(ri/d*) FJ 5d* = 0 .1  f t  f o r  ri/d* = 3 and taking 

O . ~ X ~ O - ~  < p, < Ib 
sec f t  

Then, Reynolds number f o r  t h e  i n l e t  flow i s  lo5  < Re < 2x106. 
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The in t eg ra l  equation f o r  t h e  nozzle discharge coeff ic ient  i s  obtained by 
combiping equations ( B l ) ,  (B2), and ( B 3 )  where the  usual assumption of constant 
pressure across the  boundary layer  i s  employed. 

CD 
i+ -6 

2 r  
r)l'nr dr 

&,king the  subs t i tu t ion  
required equation 

r* - r = y and evaluating the  f i r s t  in t eg ra l  gives t h e  

CD + 2  
1 

In  the  ranges of enthalpy and pressure considered herein (lo3 < kt < lo4 
Btu/lb and 1 < p 

t h i s  analysis .  One can ve r i fy  from reference 11 t h a t  

< 100 a t m ) ,  t he  molecular-weight r a t i o  can be expressed as a 
function of t he  t emperature and pressure t o  t h e  required degree of precision of 

where 

When (B6) i s  combined with equations (B2) and (B3), a good approximation t o  t h e  
molecular-weight r a t i o  across the  boundary layer  i s  given by: 

i / n  - M I -  z 
ZW 1 + cTm3 

The in t eg ra l  i n  equation (B3) i s  not sens i t ive  t o  t h e  r a t i o  z/zw because it i s  
bounded within ra ther  narrow limits (2/3 < z/z, < 1 f o r  t h e  present range consid- 
e red) .  Consequently, mean values of c = 1.8~10-l~ and T, = 10,OOOo R a re  sat- 
isfactor$ f o r  t h i s  study. 

._ . . ~ . _ _ = _  _ _  
C a c t i r  of 8 a f f ec t s  t h e  discharge coef- 
f i c i e n t  given by equation (B3) by less than 5 percent .  
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Figure 1. - Equilibrium sonic - f l o w  f ormulat lan for air. 
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Figure 9.- Typical run record illustrating pressure-rise technique for enthalpy measurement; 
= 4.60; pt = 0.25 atmosphere; ht = 4,500 Btu/lb from figure 2. (pt) rm/(pt start 
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